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Abstract 

In this paper, we compute the general structure of two and three 
point functions in field theories that are assumed to possess an invari- 
ance under a quantum deformation of SO (4,2). The computation is 
elaborated in order to fit the Hopf algebra structures. 
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1 Introduction 



Over the last thirty years, the subject of quantum groups [1-4] has grown 
into a full-fledged research topic. A huge amount of literature has appeared. 
One can mention (/-harmonic analysis and (/-special functions [5], conformal 
field theories [6,7], in the vertex and spin models [8,9], anyons [10-12], in 
quantum optics [13], in the loop approach of quantum gravity [14] in "fuzzy 
physics" [15] and quantum gauge theories [16,17]. 

The deformation of two-dimensional conformally invariant field theory was 
introduced in Ref. [18] and the properties of the correlation functions were 
determined. The coherent states operators and the invariant correlation 
functions and their quantum group counterparts, both for si (2) and SU3, 
were studied in [19]. 

The (/-deformation of D = 4 conformal algebra was first introduced in [20]. 
It was also studied, and additionally its contraction to deformed Poincare 
algebra given in Ref. [21]. The reality conditions of deformed SO (6, C) were 
discussed in [22]. 

In this paper, we propose a four- dimensional conformal field theory based on 
the quantum universal enveloping algebra U q (so (4, 2)) [20,21]. In the course 
of these investigations we rely on Dobrev's approach [23]. According to this 
procedure one first needs (/-difference realizations of the representations in 
terms of functions of non-commuting variables. These variables generate a 
flag manifold of the matrix quantum group SL q (4) which is in duality with 
U q (sl (4;C)). 

This paper is organized as follows. In Section 2 we recall the Cartan- Weyl 
basis of the quantum Lie algebra U q (si (4; C)). In Section 3, we compute 
the (/-deformed two- and three-point conformal correlation functions. 

2 Cartan- Weyl basis for U q (si (4; C)) 

The positive energy irreducible representations of so (4, 2) are labelled by 
the lowest value of the energy Eq , the spin so = ]\ + ji and by the helicity 
ho = ji — 32, and these are eigenvalues of a Cartan subalgebra Ti of so (4, 2). 
We shall label the representations of U q (so (4, 2)) in the same way and thus 
we shall take for U q (so (4, 2)) and its complexification U q (so (6, C)) the same 
Cartan subalgebra. We recall that the (/-deformation U q (so (6, C)) is defined 
[2,3] as the associative algebra over C with Chevalley generators X^, Hj, 

3 = 1,2,3. 

The Cartan-Chevalley basis of U q (si (4, C)) is given by the formulae: 



2 



[Hj,H k ] = [Hj,X^] = ±a jk X± 



S i* 9 1 Zl f-i 3 = S Jk[Hj} q (2.1) 



and the g-analogue of the Serre relations 

{ X ff X k - [2] q X±X}xf + X} (Xf) 2 = 0, (2.2) 

where (jk) = (12) , (21) , (23) , (32) and (cij k ) is the Cartan matrix of 
so (6, C) given by (aj k ) = 2 (aj, a k ) / (aj,ctj); a±, 0:2,0:3 are the simple roots 
of length 2 and the non-zero product between the simple roots are: (cm, 02) = 
(0:2,03) = —1 . The quantum number is defined as [m\ q = q _ q -i ■ 

Explicitly the Cartan matrix is given by: 



/ 2 -1 \ 
(a jk ) = -1 2 -1 . (2.3) 



The elements Hj span the Cartan subalgebra H while the elements X^ 
generate the subalgebra in the standard decomposition Q = so (6, C) = 
Q + © TL © Q~ . In particular, the Cartan- Weyl generators for the non-simple 
roots are given by [20]: 



X 



jk 

± 
13 



±^ 1/2 (V /2 ^ 



± 
2.3 



?- 1/2 ^) 



(jfc) = (12),(23) 



(2.4) 
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All other commutation relations follow from these definitions: 





TJ 

-Q HaX a + lb 


[K^abl 


TJ 

= X ab-l^ Hb 1< 


[ X a,Kb\ 


I u 

= x : + i b i~ Ha 


[ X b' X ab] 


TJ 1 

= -i Hb Kb-i i< 


X a X ab 


= 1 X ab X t 


X b X tb = 


= Q~ 1X ab X a 1 < 


^12^13 


= Q X t3 X t2 


Y ± Y ± - 
^23^13 ~~ 


q 1 Xf d> Xf d> 




= 


[xt,x^\ - 


= 


[ X 12^ X ls] 




[ X 12^ X Vi. 


| = X+q' 2{Hl+H2) 


[ X 23^ X ls] 




[^23' "^13. 


| = -q^ H Mx+ 


[ X t2i X 23] 


= xx 2 x 13 


[ X 12i X 23\ 


= -\ q ±H *xtx* 



(2.5) 



where A = q — q . 

Let Q = su (2, 2) = so (4, 2) with generators: 



M AB = —Mb a j A , B = 1, 2, 3, 5, 6, 0, r] AB = diag (-, -, -, -, +, +) 

(2.6) 

which obey 



[M AB , M cd ] = i {vbc m ad - Vcd^bd - VbdMac + VadMbc) • (2.7) 



Besides the "physical" generators Mab we shall also use the "mathe- 
matical" generators Yab = — iMab- Consider the Bruhat decomposition: 
Q = A®M.®N®N (direct sum of vector spaces), where the dilatation 
subalgebra A = so (1,1) generated by D = Y$q is a non-compact abelian 
subalgebra, the Lorentz subalgebra M. = so(3, 1) (a reductive Lie algebra) 
generated by Y^ v (fi,v = 1,2,3,0) is the centralizer of A (mod ^4), and the 
subalgebra of translations M generated by = + Y^q , the subalgebra of 
special conformal transformations M generated by = Y^ — 1^6, respec- 
tively, are nilpotent subalgebras forming the positive, negative, respectively, 
root spaces of the root system {Q,A). 

Since su (2, 2) is the conformal algebra of four dimensional Minkowski 
spacetime we would like to deform it consistently with the subalgebra struc- 
ture relevant for the physical applications. The commutation relations be- 
sides those for the Lorentz subalgebra are 
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[D, Y^] = [D,Pp]=0 [D,Kfj\ = —K^ 

[Y^u, P\] = VvxPn ~ V^Pu [Y^u, K x ] = f]u\ K v ~ V,j,xKu 
[P»,K U ] = 2Y tlu + 2r ] ^D. (2.8) 

The algebra V max = M © A © N (or equivalently P max = M®A®Kf ) 
is the so called maximal parabolic subalgebra of Q. 

For the Lorentz algebra generators we have the following expressions 

H = -Y 30 = 1 (iJx + H 3 ) M ± = -iY 31 ±iY w = X± + X± 

D = -Y l2 = % -(H l -H 3 ) N ± = -iY 2Q ±iY 23 = iXf-iXf.(2.V) 

For dilatation, translations and special conformal transformations we 
have 



D = ^(H 1 + H 3 )+H 2 

P = i(X++X 2 + ) P 1 =i(X++X+) 

P 2 = X+-X+ P 3 = i(X+-X+) 

K = -i(X^ + X 2 ) K 1 = i (X u + X 23 ) 

K 2 = X^-Xn K 3 = i(X 2 -X^ 3 ). (2.10) 

To derive the relations in U g (su (2,2)) we use equations (2.1) and (2.5). 
The formulae for coproduct are: 



A (Hi) = H® 1 + 1® H 
A(X ±i ) = X ±i ®q H ^ 2 + q~ H ^ 2 ®X ±l . (2.11) 

The antipode and counit are defined as 



S (Hi) — —Hi, 
S(X +i ) = -qX +i , S(X^i) = -q- 1 X_ i , 
e(H) = e(X +i ) = 0. (2.12) 
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3 g-deformed conformal correlation functions 



First let us compute the g- deformed 2-point conformal correlation function of 
scalar quasiprimary (qp) fields, with canonical dimension d\ and cfo, defined 
on the g-deformed Minkowski spacetime 1 [24]: 



x±v = q ±1 vx±, x±v = q ±1 vx±, 

Xvv = X_|_X_ — X_X + , vv = vv, 

x± = x° ± x 3 v = x 1 — ix 2 v = x 1 + ix 2 . (3.1) 



The g-Minkowsi length is 



C q = x_x + — q vv. (3.2) 

These qp-fields are reduced functions and can be written as formal power 
series in the g-Minkowski coordinates: 



4> = 4> (Y) = <f> (v, X-, x + , v) 

^ 1 f^jnlm ^jnlrni 
j,n,l,meZ + 

<f> jn lm = Vlx n _x\v"\ (3.3) 

Next we introduce the following operators acting on the reduced functions 

as 

j,n,l,m€iZ+ 

T K <P(Y) = ]T n jnlm T K <i>j nlm (3.4) 

j,n,l,m€Z+ 



1- Up to Eq. (3.9) section 3 follows the paper [24]. 
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where k = ±,v,v and the explicit action on <^> ■ nl m is defined by 



M v <f>j n l m 


= fij+l n I m 


M -<Pjnlm 


= 4>j n+1 I m 


M+fij n I m 


= 4>j n l+l m 


Mv<pj n i m 


= 4>j nl m+1 


T v 4>j n I m 


= Q^jnlm 


T-4>j n I m 


= Q 4>j nlm 


'^~ ] + ( f > j nl m 


Q 4*j n I m 


Tv4>j n I m 


= Q m< l ) j n I m 



The (/-difference operators are defined by 

D K cf>=jM- 1 (T K -T- 1 ) ( f>. (3.6) 

The representation action of U q {si (4)) on the reduced functions <\> (Y) of 
the representation space C A , with the signature x = X (A) = (mi, m,2, m 3 ) = 
(1,1 — d,l) and which corresponds to a spinless "scalar" field [d, ji , j'2] = 
[d, 0,0] is given by 2 : 



7r(fci)< 




I m 


H Yjnlmi 


Tr(k 2 )< 




I m 


- n+(j+m+d)/2, 

H Yjnlmi 


7T (fc 3 ) < 




I m 


- J-j-n+l+m)/2, 

H Yj nl mi 


n(X +1 )< 




I m 


— y l n \q n-l I m 



+q -l + U-n + l-m)/2 [m]q<Pjnl+1 m _ 1; 
ir(X +2 )^ jnlm = q (-J+ m y 2 [j + n + m + d} qY - jn+llm 
+V d+ij+n+3m)/2 [l} q <i> j+1 nl-lm + l, 

_-l+(3j+n-3i-m)/2 r i . 

y [ n \q 9 j n-l I m+1 5 



2 The general case is given in Ref. [25] 
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^ ( X -l) 4>j n I m 

7T (X_ 2 ) 4> jn l m 
7T (X_ 3 ) n j m 

with fcj = g^/ 2 . 

Now let us define V = q u , where D is the dilatation generator defined in 
Eq. (2.10). The representation of this generator on the reduced functions 4> 
is given by 



ir (V) 4> (Y) - fJ, jnlm ir (V) 4>j 

n I m 

= q d ^ni m q Hn+l+m ^nim = qU(qY). (3.8) 
The coproduct for this operator is given by 

AV = V®V. (3.9) 

Now let us calculate two point g-correlation functions by imposing that 
they are invariant under the action of U q (si (4, C)). We denote the q- 
deformed correlation functions of N quasiprimary fields as 

(Yi) „4 N {Y N )) q = q (0 \4> dl (Yi) ..4 dN (Y N )\0) q , (3.10) 

where |0) 9 is a U q (si (4, C)) invariant vacuum such that ir (V)\Q) q = \0) q , 
7r (X + i) \0) g = and also for q (0\ . The identities for the two-point correlation 
functions of two quasiprimary fields of the conformal weights d\ , d 2 are 



A(n(V))( ( j )l (Y 1 )<P 2 (Y 2 )) q = (7r(Z>)®7r(Z>))<&(yi)&(y 2 )) 

= (^(yi)^ 2 (y 2 )) ? (3.ii) 

and 



q 2+ ^ +n - l+m),2 m q 4> 3 - ln+llm 



j n I — 1 m+1 ) 
q n—1 I rai 

q nl-lm 
q 4*] ri+l I m—li 



_ q U-m)/2 [n] ^ 
_ q (-j-3n+l+3m)/2 [j] ^ 

_ g( _,_ n+i+m)/2 [m] _ is (3 . 7) 
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A(7r(X ±i ))(^ (Y 1 )4> 2 {Y 2 )) q = 

(tt (X ±i ) ® g^/ 2 ) + g-*^/ 2 ) ® vr (Xy)) . 

<^(Yi) 2 (y 2 )) ? = O. (3.12) 



The g-correlation functions are covariant under dilatation, whereas the 
remaining identities lead to six g-difference equations. 
Let us first note that 



^i+lm-l = Q^jnlm X + (v)' 1 , (3.13) 



and so on, 



q^^ 2 ^ (v,X-,x + ,v) = (j) (q^^v, x_, x+, , 
g ±n/2 </>(v,x_,x + ,T7) = 0(u,g ±1/2 x_,x+,u) (3.14) 



and 
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A 1 (0 (u , gx_, x+, f ) — 4> (y , q 1 x-,x+,v)} 



= D-<j)(v,x-,x + ,v) , 
[m] q <p = X' 1 (4>(v,x^,x + ,qv) - 4>(v,x_,x + ,q- l v)) 

= Dv(f>(v,x_,x + ,v) (3.15) 

and so forth. 

The first identity for X + \ is given by: 



9 



</> 2 (^ 2 ,^ 1/2 ^ 2 ,9 1/2 x +2 ,^ 1/2 ^)) g 



+<Z m (A70i (q^v^q-^x-uq^x+^q- 1 /^ x +1 (U 2 ) 



-i 



D^ 2 (qV 2 V2, q~ 1/2 X- 2 , q'^X+i, qV 2 v 2 ) ) q 



+q m (<Pi (q 1/2 vi, q-^x-u q^x+i, T^i) x +2 (l^ 1 . 
Dv<t>2 (q 1/2 V2,q- 1/2 X- 2 ,q 1/2 x+2,Q~ 1/2 vi)) q = 0, 



(3.16) 



and five other g-difference equations. 

The solution of these g-difference equations exists when the conformal 
dimensions d\ and d 2 are equal: d\ = d 2 = d and is determined uniquely 
up to a constant. Let us use the twistors Y = Y^o^. More explicitly, the 
matrices Y are given by: 



where x+,x-,v,v are g-deformed Minkowski coordinates defined in Eq. 



det q Y = X-X + — q 1 vv and det q (Y± — Y 2 ) = det q Y\ (I — Y 1 1 1 2 ) , 



where / is a 2 x 2 identity matrix. The (/-deformed two-point conformal 
correlation function reads 



(01 (Yi) 4> 2 (Y 2 )) q = C (q) (det q Y 1 )~ d Wo (d; g^Yf 1 ^) , (3.19) 




(3.17) 



(3.1). 



It is easy to see that the quantum determinant 3 



(3.18) 



3 We use Manin's notation [1]. 
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where C (q) is a constant and where the quantum hypergeometric func- 
tion with matricial argument is given by: 

m (d;Y) = det q \[(l - q l Yy (/ - q d+l v) . (3.20) 
1=0 

One easily see that the ^-correlation function reduces to the undeformed 
conformal correlation function because iip (d;Y) becomes iFo(d;Y) = 
del (I — Y)~ d in the limit q — > 1. 

The identities for the g-deformed three-point conformal correlation func- 
tions read 



(vr (Xi) <f (-^/ 2 ) ® q <~ H ^) + gM-Hi/2) ® n ^(-^/2) 
+ q^~ H ^) ® g T(-«i/2) ® vr (X t )) (Y) 2 (Y 2 ) 03 (y 3 )N = 0,(3.21) 



(VT (Z>) ® 7T (2?) 7T (X>)) (0! (y X ) 2 (Y 2 ) 03 (y 3 )>, = (<Al (Y) 02 (^) </> 3 (^)), • 

(3.22) 

The solutions are given by 

(0 X (ii)0 2 (y 2 )0 3 (Y 3 )) q = c ijk 

(det.Y,)-^ mfarf-^PY^Yt). 
(det q Y 2 )-^ Wo^q'-^Y^Yz) . 
(det^y^ ^ ( 7 | i;g i+^y f iy 3 ) (3.23) 

where 7*. = dh ~ d f d i and C ijfc are the structure constants. 

In a recent paper [26], we studied the quantum gauge theory on the 
quantum anti-de Sitter space AdS§ and computed the quantum metrics. 
Given these results, we can study the quantum analogue of the celebrated 
AdS/CFT correspondence [27] and generalize the methods used in [28] to 
the (/-deformed case. 
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